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UNOBSTRUCTEDNESS OF DEFORMATIONS OF CALABI–YAU
VARIETIES WITH A LINE BUNDLE
SHIZHANG LI AND XUANYU PAN
Abstract. We generalize the Tian–Todorov Theorem in the case of Calabi–
Yau varieties equipped with a line bundle.
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1. Introduction
Let X be a smooth and proper variety having torsion canonical bundle, and let L
be a line bundle on it. The goal of this paper is to prove that the deformations of the
pair (X,L) are unobstructed, thus generalizing a famous result of Tian–Todorov.
Theorem 1.1. [Tia87, Tod89] If X is a compact Ka¨hler manifold with trivial
canonical bundle, then the Kuranishi space of deformations of complex structures
on X is smooth. In a parallel analogy, if X is projective with an ample class w,
then the Kuranishi space of deformations of X with w is also smooth.
Namely we prove
Theorem 1.2. Let X be a smooth and proper variety with torsion canonical bun-
dle and let L be a line bundle on X. The deformations of the pair (X,L) are
unobstructed.
One might attempt to solve the problem of the deformational unobstructedness
by proving the vanishing of certain obstruction groups. However, for some Calabi–
Yau manifold X , the obstruction group H2(X,TX) can be huge. To overcome this
difficulty, there are two known methods. The first one is the so called T1-lifting
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criterion, which was introduced by Kawamata and Ran [Kaw92, Ran92] to provide
an alternative algebraic proof of the Tian–Todorov Theorem for Calabi–Yau vari-
eties. Moreover, it also applies to deformation problems with a hull [Sch68, TV].
The second method relies on the dgBV algebras, which was introduced by Kontse-
vich [Kon] to establish some generalized Tian–Todorov theorems. Nevertheless, it
seems that both the aforementioned two methods fail to establish Theorem 1.2.
Now, we present our geometrical approach as follows. Firstly, we use the Beauville–
Bogomolov decomposition theorem to reduce Theorem 1.2 to the case of abelian
varieties with a line bundle. Next, by establishing the infinitesimal variational
Hodge conjecture for line bundles [BEK14, Conjecture 1.4], the problem reduces to
the smoothness of certain Hodge loci in period domains, which can be solved by ex-
plicit calculations in linear algebra. Lastly, we remark that Grothendieck, Mumford
and Oort studied the unobstructedness problem of the deformations of an abelian
variety with an ample line bundle in mixed characteristic [Oor71, Theorem 2.4.1],
while it is still open when the line bundle is not ample. Our theorem for the abelian
varieties gives a positive answer to this problem over complex numbers.
Acknowledgments. Both authors are very grateful to their advisor Prof. A. J. de
Jong. The second named author also thanks his friend Zhiyu Tian for a lot of in-
spiration and encouragement. He also thanks Prof. M. Abouzaid, Prof. M. Kerr,
Prof. J. Starr and Prof. M. Manetti for discussions and pointing out references.
2. Sketch of the proof
Now, let us present the structure of this paper.
Let X be a smooth and proper variety with torsion canonical bundle, and let L
be a line bundle on X . We will prove some basic facts concerning the deformation
theory of the pair (X,L) in Section 3.
Soon after, some general facts about the compatibility of the obstruction ele-
ments with finite e´tale coverings and products are proved in Section 4 and Section
5. Note that, by the Beauville–Bogomolov decomposition theorem, there is a fi-
nite e´tale cover X˜ → X with X˜ = A × Y × Z where A is an abelian variety, Y
is a Calabi–Yau manifold with vanishing Hodge numbers and Z is an irreducible
holomorphic symplectic manifold. Using the results Proposition 4.4 and Proposi-
tion 5.2 in these sections, we reduce to prove the theorem for (A,L1), (Y, L2) and
(Z,L3) separately. The latter two cases are dealt by showing the vanishing of some
obstruction elements, see Proposition 8.3. The main difficult part is to show the
theorem for the abelian variety A with a line bundle L1.
Let DefA (resp. Def(A,L)) be the deformation functor of A (resp. the pair (A,L)).
We study the forgetful functor Def(A,L) → DefA which forgets the line bundles, and
show the functor and its image are “formally smooth”. One main ingredient of the
proof is to show the infinitesimal variational Hodge conjecture for line bundle on a
smooth proper formal scheme over rings of power series.
For the sake of completeness, we recall the infinitesimal variational Hodge con-
jecture [BEK14, Conjecture 1.4] here. Let B be a smooth projective scheme
over an scheme S. Suppose that S is Spec(C[[t]]). Denote by B1 the scheme
B ×S Spec(C[[t]]/(t)). There is a Chern character ring homomorphism from the
K-group to the de Rham cohomology
ch : K0(B1)→ H
∗
dR(B1/C).
3We denote by F rHidR ⊆ H
i
dR the Hodge filtration on the de Rham cohomology.
The Gauss-Manin connection ∇ on H∗dR gives a canonical isomorphism
Φ : H∗dR(B/S)
∇=0 ∼=−→ H∗dR(B1/C).
Conjecture. With the notation above, for an element ξ ∈ K0(B1)Q, if we have
Φ−1 ◦ ch(ξ1) ∈
∑
i
H2idR(B/S)
∇=0 ∩ F iH2idR(B/S),
then there is an element ξ ∈ K0(B)Q such that
ch(ξ|B1) = ch(ξ1) ∈ H
∗
dR(B1).
In Section 6, we will show this conjecture for ξ1 a line bundle on a smooth
proper formal scheme over any rings of power series (not just Spec(C[[t]])), see
Theorem 6.9 and Remark 6.10. And we conclude that the image of the forget
functor Def(A,L) → DefA is the “germ” of the Hodge locus in the local deformation
space of A in Section 7. We also show that both the Hodge locus and the forget
functor are “smooth” by some calculations of period domains, see Theorem 7.1 and
Proposition 7.7. In summary, we prove the deformations of an abelian variety along
with a line bundle are unobstructed, see Theorem 7.8. Finally, we will prove our
main Theorem 1.2 in Section 8.
3. Atiyah extensions and obstructions
Let X be a non-singular variety over the complex numbers. We have a morphism
(see [Har77, Chapter III, Exercise 7.4 (c)])
d(log) : O∗X → Ω
1
X
by the rule u 7→ du/u. It induces a group homorphism
c1 : H
1(X,O∗X)→ H
1(X,Ω1X) = Ext
1
OX (TX ,OX).
For a line bundle L on X , we associate with c1(L) an extension class
(3.0.1) 0→ OX → EL → TX → 0.
This class is the Atiyah extension of L.
Let U = {Ua} be an affine open covering of X such that L is represented by
a system of transition functions {fab} with fab ∈ Γ(Uab,O
∗
X). Then the Atiyah
extension class of L is represented by the 1-cocycle
(dfab
fab
)
∈ Z1(U,Ω1X).
Locally, the sheaf EL|Ua is isomorphic to OUa⊕TX |Ua . On Uab, we identify a section
(ga, da) of OUa ⊕ TX |Ua with a section (gb, db) of OUb ⊕ T |X |Ub if and only if
da = db and gb − ga =
dafab
fab
.
We formulate our deformation problem in the following:
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Definition 3.1. An infinitesimal deformation of the pair (X,L) over a C-local
artinian ring A consists of a pair (XA, LA) such that
X //


XA

Spec(C) // Spec(A)
is a cartesian diagram in which XA is flat over Spec(A) and LA is a line bundle
on XA with LA|X = L.
There is an obvious equivalence relation among the deformations of the pair
(X,L) given by isomorphisms. Hence we can define a functor as follows.
Definition 3.2. A functor of infinitesimal deformations of (X,L) is the functor
Def(X,L) : {C-local Artinian rings} → Sets
which associates with a C-local Artinian ring A the set
Def(X,L)(A) = {deformations of (X,L) over A}/ ∼
We say that (X,L) is unobstructed if for any surjection A′ → A of C-local Artinian
rings, the induced restriction map
Def(X,L)(A
′)→ Def(X,L)(A)
is also a surjection.
We summarize some useful results from [Ser06] in the following proposition.
Proposition 3.3. The short exact sequence 3.0.1 induces a long exact sequence
. . . // H1(X,TX)
·c1(L)
// H2(X,OX) // H
2(X, EL)
forget
// H2(X,TX) // . . . .
Moreover, for a small extension 0→ C→ A′ → A→ 0 and a deformation (XA, LA)
of the pair (X,L) over A, there exists an obstruction element
Obs(XA, LA) ∈ H
2(X, EL).
We also have that
forget[Obs(XA, LA)] = Obs(XA).
In particular, the pair (X,L) is unobstructed if and only if the obstruction element
Obs(XA, LA) is zero for all the small extensions of A. 
This proposition immediately yields
Lemma 3.4. Let X be a smooth variety with a line bundle L. Suppose that X is
unobstructed. If the map
∪c1(L) : H
1(X,TX)→ H
2(X,OX)
is surjective, then (X,L) is unobstructed. 
54. Unobstructedness of finite e´tale coverings
In this section, we show that the obstruction element Obs(XA, LA) for the pair
(XA, LA) is preserved when taking a finite e´tale cover in Proposition 4.4. We
could use cotangent complexes[Ill71] to give more general results in this section, see
Appendix A.
Proposition 4.1. Let X and Y be smooth proper varieties over the complex num-
bers C. Suppose that we have a map f : Y → X which is finite e´tale. Then
(1) The map f∗ : Hi(X,TX)→ H
i(Y, TY ) is injective.
(2) If XA is a deformation of X over a local C-Artinian ring A, then there is
a deformation YA of Y over A filling into the following cartesian diagram
Y //
f

YA
fA

X // XA.
Proof. For the first assertion, we have a map
TX → f∗TY = TX ⊗OX f∗OY
by the projection formula. The tangent bundle TX is a summand of TX⊗OX f∗OY .
In fact, by the existence of the trace map Tr, we have
OX //
· deg(f)
++
f∗f
∗OX f∗OY
Tr
// OX .
In other words, the map
Tr ◦ f∗ : Hi(X,TX)→ H
i(Y, TY )
is multiplication by the number deg(f). In particular, the map f∗ is injective.
For the second assertion, since X ⊆ XA is defined by the nilpotent elements, it
is clear that
FE´t(XA) = FE´t(X),
where FE´t(X) is the category of finite e´tale coverings, see [FK88] for the details. 
Proposition 4.2. Let X be a reduced and proper local complete intersection over
the complex numbers C. If a morphism
f : Y → X
is finite e´tale and X is of finite type over C, then we have a natural map
Ext2(Ω1X ,OX)
f∗
// Ext2(Ω1Y ,OY )
which maps Obs(XA) to Obs(YA) for any small extension
0→ (t)→ A′ → A→ 0.
Proof. We recall how the obstruction element Obs(XA) is constructed. For the
small extension of A, we have the exact conormal sequence ([Ser06, Lemma B.10])
0→ (t)→ Ω1A′/C ⊗A′ A→ Ω
1
A/C → 0.
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We pull it back via the structure morphism p : XA → Spec(A). We obtain an exact
sequence
(4.2.1) 0→ OXA → p
∗(Ω1A′/C1 ⊗A′ A)→ p
∗Ω1A/C → 0.
By [Ser06, Theorem D.28], we have an exact sequence
(4.2.2) 0→ p∗(Ω1A/C)→ Ω
1
XA/C
→ Ω1XA/A → 0.
Composing (4.2.1) and (4.2.2), we obtain a 2-extension
0→ OX → p
∗(Ω1A′/C ⊗A′ A)→ Ω
1
XA/C
→ Ω1XA/A → 0.
It defines the obstruction element
Obs(XA) ∈ Ext
2
OXA
(Ω1XA/A,OX) = Ext
2
OX (Ω
1
X ,OX).
Since f is e´tale, it is obvious that the natural map f∗ maps the 2-extension
0→ OX → E → F → Ω
1
X/C → 0.
to the 2-extension
0→ f∗OX = OY → f
∗E → f∗F → f∗Ω1X/C = Ω
1
Y/C → 0.
So, to prove that f∗ preserves the obstruction, it suffices to prove that the exact
sequence
0→ (p ◦ fA)
∗(Ω1A)→ f
∗
AΩ
1
XA → f
∗
AΩ
1
XA/A
→ 0
identifies with
0→ (p ◦ fA)
∗(Ω1A)→ Ω
1
YA → Ω
1
YA/A
→ 0.
This follows from the fact that fA is e´tale. Indeed, we have exact sequences
0→ f∗AΩ
1
XA/C
→ Ω1YA/C → Ω
1
YA/XA
→ 0
and
0→ f∗AΩ
1
XA/A
→ Ω1YA/A → Ω
1
YA/XA
→ 0.
Since Ω1YA/XA = 0, we have
f∗AΩ
1
XA/C
= Ω1YA/C and f
∗
AΩ
1
XA/A
= Ω1YA/A
This concludes the proof of the proposition. 
Corollary 4.3. With the same assumptions as in Proposition 4.1, the variety Y
is unobstructed if and only if X is unobstructed. In particular, if X is a smooth
proper variety with torsion canonical bundle, then X is unobstructed.
Proof. For any proper smooth variety with torsion canonical bundle, we can find a
finite e´tale cover such that its canonical bundle is trivial, the cover is unobstructed
by Theorem 1.1. Then, the assertion follows from the previous propositions. 
Proposition 4.4. Let X be a smooth proper variety over the complex numbers C
with a line bundle L. Suppose that f : Y → X is finite e´tale. Then
(1) The Atiyah extension class is functorial under f , i.e., f∗EL = Ef∗L.
(2) The pullback map f∗ : Hi(X, EL)→ H
i(Y, Ef∗L) is injective.
(3) If we have a small extension 0 → C → A′ → A → 0 and a deformation
(XA, LA) of (X,L), then we have that
f∗A(Obs(XA, LA)) = Obs(YA, f
∗
ALA),
in which the morphism fA : YA → XA is given by Proposition 4.1 (2).
7In particular, the pair (Y, L) is unobstructed if and only if the pair (X, f∗L) is
unobstructed, see Definition 3.2.
Proof. As in Section 2, the vector bundle EL is given by the data trivializations
OUa ⊕ TX |Ua and transition functions as follows:
(
gb
db
)
=


1 dfab / fab
Id


(
ga
da
)
.
If we pull back the Atiyah extension class of L, then we get
(4.4.1) 0→ f∗OX = OY → f
∗EL → f
∗TX = TY → 0.
Since the transition function for f∗L is given by
{f∗(fab)}, fab ∈ Γ(f
−1Uab,O
∗
Y )
and f∗(dfab) = d(f
∗fab), we conclude that Ef∗L is the Atiyah extension classes of
f∗L by comparing the transition functions of the Atiyah extension classes.
For the second assertion, the proof is similar to that of the second assertion of
Proposition 4.1.
For the third assertion, we recall how to construct the obstruction element
Obs(XA, LA). Suppose that we have a small extension
0→ (t)→ A′ → A→ 0
and an affine covering {Ui} of X . We can choose a trivialization
θi : Ui × Spec(A)
∼=
−→ XA|Ui
since XA is smooth over A. Let θij be θ
−1
i θj ∈ Aut(Uij×Spec(A)). The line bundle
LA is given by transition functions (Fij) on Uij ×A such that
Fijθij(Fjk) = Fik.
To see whether there is a lifting (XA′ , LA′) of (XA, LA) over Spec(A
′), we choose
a collection (θ′ij , F
′
ij) such that
(1) θ′ij ∈ Aut(Uij × Spec(A
′)) and F ′ij ∈ O
∗
Uij×Spec(A′)
,
(2) θ′ij |Uij×A = θij and F
′
ij |Uij×A = Fij .
Since θ′ijθ
′
jk(θ
′
ik)
−1|Uij×Spec(A) = Id, we have
(4.4.2) θ′ijθ
′
jk(θ
′
ik)
−1 = Id+t · dijk and
(4.4.3) F ′ijθ
′
ij(Fjk)(F
′
ik)
−1 = 1 + t · gijk
where dijk ∈ Γ(Uijk, TX) and gijk ∈ Γ(Uijk,OX). So the obstruction element
Obs(XA, LA) can be represented by a 2-cocycle
(gijk, dijk) ∈ Z
2(U, EL).
It follows from the infinitesimal lifting property of the e´tale map YA|f−1Ui → XA|Ui
that we have a unique trivialization θ˜i of YA|f−1Ui making the following diagram
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commute.
f−1(Ui) //

Y |Ui
  // YA|f−1Ui
e´t

f−1(Ui)×A //
θ˜i
44✐✐✐✐✐✐✐✐✐
Ui ×A
θi
∼=
// XA|Ui
Let θ˜ij be θ˜i
−1
θ˜j . Similarly, we have F˜ij , d˜ijk and g˜ijk. Then we have
f−1(Uij)×A
hA //

Uij ×A

f−1(Uij)×A
′
hA′ // Uij ×A
′
where hA = f × IdSpec(A) and hA′ = f × IdSpec(A′). Hence, we have that
(1) h♯A′(θ
′
ij)|f−1(Uij)×A = θ˜ij
(2) and h♯A′(F
′
ij)|f−1(Uij)×A = h
♯
A(Fij) = F˜ij
where h♯A′(−) is the pull-back. Moreover, we know that h
♯
A(F˜ij) defines the line
bundle f∗ALA on YA. Combining these facts and applying h
♯
A′(−) to (4.4.2) and
(4.4.3), we get
f∗(gijk, dijk) = (g˜ijk, d˜ijk),
which concludes the proof.

5. Unobstructedness of products
In this section, we show that the deformations of a product of certain Calabi–
Yau manfolds preserve the product structure. It follows the unobstructedness for
certain Calabi–Yau varieties with product structures, see Proposition 5.2.
Lemma 5.1. Let X and Y be smooth and proper varieties. Assume that
(1) H0(Y, TY ) = H
1(Y,OY ) = 0,
(2) KX = OX and KY = OY where KX (resp. KY ) is the canonical bundle of
X (resp. Y).
Let Z be X × Y . If ZA is a deformation of Z over a C-local Artinian ring A, then
we have that
ZA ≃ XA ×A YA
where XA (resp. YA) is a deformation of X (resp. Y ) over A.
Proof. By the Schlessinger’s criterion [Sch68], we know the deformation functors of
X , Y and Z have hulls as follows
hR ։ DefX , hR′ ։ DefY and hR′′ ։ DefZ ,
where R, R′ and R′′ are complete local rings over C. We consider a natural trans-
formation g between functors
g : DefX ×DefY → DefZ = DefX×Y
which associates with (XA, YA) ∈ (DefX ×DefY )(A)
a deformation (XA ×A YA) ∈ DefX×Y (A) of Z
9It induces the following commutative diagram, since hR′′ ։ DefX×Y is a hull:
hR × hR′

f
// hR′′

DefX ×DefY
g
// DefX×Y .
We claim that the natural transformation f induced by g is surjective, hence g itself
is surjective. In fact, we have hR⊗ˆR′ = hR×hR′ and X,Y, Z are unobstructed since
the canonical bundles are trivial. Note that
R ∼= C[[x1, . . . , xn]], R
′ ∼= C[[x1, . . . , xm]] and R
′′ ∼= C[[x1, . . . , xs]],
i.e., the rings R, R′ and R′′ are formal power series rings. Therefore, we only need
to check
g : DefX(C[ε])×DefY (C[ε])→ DefX×Y (C[ε])
is surjective where ε is the dual number. By the identification of first order infini-
tesimal deformation of a variety W with H1(W,TW ), it suffices to prove that
H1(X,TX)⊕H
1(Y, TY )→ H
1(X × Y, TX×Y )
is surjective (in fact, it is an isomorphism) where this map is induced by the pro-
jections π1 and π2.
X X × Y
π1oo
π2 // Y
Since TX×Y = π
∗
1TX ⊕ π
∗
2TY , we have that
H1(X × Y, TX×Y ) = H
1(X × Y, π∗1TX)⊕H
1(X × Y, π∗2TY ).
So it is reduced to show that
H1(X × Y, π∗1TX) = H
1(X,TX) and H
1(X × Y, π∗2TY ) = H
1(Y, TY ).
By the Leray spectral sequence for π1, we have
0→ H1(X, π1∗π
∗
1TX)→ H
1(X × Y, π∗1TX)→ H
0(X,R1π1∗π
∗
1TX).
By the projection formula and the base change theorem, we have
(1) π1∗π
∗
1TX = TX⊗π1∗OX×Y = TX , in particular, H
1(X, π1∗π
∗
1TX) = H
1(X,TX),
(2) R1π1∗π
∗
1TX = TX ⊗R
1π1∗OX×Y ,
(3) R1π1∗OX×Y = 0 because of the hypothesis H
1(Y,OY ) = 0.
In summary, we have H1(X,TX) = H
1(X × Y, π∗1TX). Similarly, for Y , we have
0→ H1(Y, TY )→ H
1(X × Y, π∗2(TY ))→ H
0(Y, TY ⊗R
1π2∗OX×Y ).
Since R1π2∗OX×Y is a trivial bundle of rank N , we have
H0(Y, TY ⊗R
1π2∗OX×Y ) = H
0(Y, TY )
⊕N = 0
by the hypothesis. We get H1(Y, TY ) = H
1(X × Y, π∗2TY ). 
Proposition 5.2. Suppose that X and Y satisfy the same conditions as in the
lemma above. Let L be a line bundle on Z = X×Y and x (resp. y) be a closed point
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of X (resp. Y ). Assume that the canonical bundle KZ is trivial. If g = {x} × IdY
and f = IdX ×{y} are the natural inclusions via the points x and y
X × Y
X
f
;;✇✇✇✇✇✇✇✇✇
Y
g
cc●●●●●●●●●
and the pairs
(X, f∗L) and (Y, g∗L)
are unobstructed, then the pair (Z,L) is unobstructed (see Definition 3.2).
Proof. Let (ZA, LA) be a deformation of the pair (Z,L) over a C-local Artinian
Ring A. Assume that we have a small extension
0→ C→ A′ → A→ 0.
By the previous lemma, we have a decomposition ZA = XA×A YA. By the smooth-
ness of YA → Spec(A), we have a lifting as follows.
{y}
 _

// YA

Spec(A)
σ
99s
s
s
s
s
s
// Spec(A)
It induces an embedding
i = (IdXA , σ ◦ π) : XA →֒ XA ×A YA
where π is the structure morphism of XA → Spec(A). Similarly, we have an
inclusion
j : YA →֒ XA ×A YA.
for YA via the point {x}. Since (X,L|X×{y}) and (Y, L|{x}×Y ) are unobstructed,
there exist deformations
(XA′ , L
′)|XA = (XA, LA|XA) and (YA′ , L
′′)|YA = (YA, LA|YA).
Let ZA′ be XA′ ×A′ YA′ . We claim that there is a line bundle LA′ on ZA′ such that
the pair (ZA′ , LA′) is a deformation of (ZA, LA) over A
′. Therefore, the pair (Z,L)
is unobstructed. Note that we have a commutative diagram
0 // OZ

// O∗ZA′
//

O∗ZA
//

0
0 // OX // O
∗
XA′
// O∗XA
// 0
with short exact rows. It induces the commutative diagram
. . . // H1(ZA′ ,O
∗
ZA′
) //

H1(ZA,O
∗
ZA
) //

H2(Z,OZ)
f∗

// . . .
. . . // H1(XA′ ,O
∗
XA′
) // H1(XA,O
∗
XA
) // H2(X,OX) // . . .
11
of long exact sequences. We chase the digram of the second square above to see
that
(ZA, LA)❴

✤ // ObsL(ZA, LA)❴
f∗

(XA, LA|XA)
✤ // ObsL(XA, LA|XA) = 0,
where ObsL( ) is the obstruction. Similarly, we have
g∗(ObsL(ZA, LA)) = ObsL(YA, LA|YA) = 0.
By the hypothesis H1(Y,OY ) = 0 and the Ku¨nneth formula, we have an isomor-
phism
(f∗, g∗) : H2(Z,OZ)
≃ // H2(OX)⊕H
2(OY ) .
Therefore, we have ObsL(ZA, LA) = 0. It implies that there exists a line bundle
L′A on ZA′ where (ZA′ , LA′) is a deformation of (ZA, LA). 
6. Infinitesimal Hodge conjecture for line bundles
In this section, we show a general theorem (Theorem 6.9) confirming the infini-
tesimal variational Hodge conjecture for line bundles. We start with a theorem due
to Deligne.
Theorem 6.1 ([Blo72, Theorem 3.2] and [Del68]). Let S be a scheme over Spec(Q),
and let π : X → S be a proper and smooth morphism. Then
(1) The sheaves Rqπ∗(Ω
r
X/S) are locally free of finite type and commute with
base change.
(2) The spectral sequence
Er,q1 = R
qπ∗(Ω
r
X/S) =⇒ R
r+qπ∗(Ω
•
X/S)
degenerates at E1.
(3) The sheaves Rpπ∗(Ω
•
X/S) are locally free of finite type and commute with
base change.
The following proposition is due to Katz and Bloch.
Proposition 6.2 ([Blo72, Proposition 3.7, Proposition 3.8]).
(1) Let k be a field of characteristic 0,M a finite k[[t1, . . . , tr]]-module with inte-
grable connection ∇. Let M∇ be Ker(∇). Then M is M∇⊗kk[[t1, . . . , tr]].
(2) Let A be a complete, local, augmented C-algebra (e.g. A artinian), S =
Spec(A), and let π : X → S be a proper and smooth morphism with the
closed fiber X0. Then
H∗(X,Ω•X/S)
∼= H∗(X0,C)⊗C A.
In the following, let A be the ring C[[x1, . . . , xn]] of formal power series with the
maximal ideal m = (x1, . . . , xn). Let X be an m-adic formal scheme over Spf(A)
Suppose that the structure morphism
f : X → Spf(A)
is smooth and proper. Denote the sheaf of (continuous) 1-differentials on the formal
scheme X (resp. Spf(A)) by Ω1X/C (resp. Ω
1
Spf(A)/C). Let Ω
1
X/A be the sheaf of
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(relative) 1-differentials for the morphism X
f
−→ Spf(A). For the structure sheaf
OX , we have a morphism log : 1 +mOX → mOX with
(6.2.1) log(1 + x) =
∞∑
i=1
(−1)n−1
xn
n
for x ∈ mOX .
Lemma 6.3. The morphism log : 1 +mOX → mOX (6.2.1) is an isomorphism.
Proof. It has an inverse exp : mOX → 1 +mOX with
exp(x) =
∞∑
i=0
xn
n!
for x ∈ mOX .

On X we have a complex as follows,
O∗X
dlog
−−−→ Ω1X/A
d
−→ Ω2X/A
d
−→ . . . , (resp. 1 +mOX
dlog
−−−→ Ω1X/A
d
−→ Ω2X/A
d
−→ . . . )
and denote it by
(
O∗X
dlog
−−−→ Ω≥1X/A
)
(resp.
(
1+mOX
dlog
−−−→ Ω≥1X/A
)
). The following
lemma is clear.
Lemma 6.4. We have a short exact sequence as follows,
(6.4.1) 0→ 1 +mOX → O
∗
X → O
∗
X0 → 0
which induces a short exact sequence of complexes,
0→
(
1 +mOX
dlog
−−−→ Ω≥1X/A
)
→
(
O∗X
dlog
−−−→ Ω≥1X/A
)
→ O∗X0 → 0.
The map log (6.2.1) induces an isomorphism of complexes as below,
log :
(
1 +mOX
dlog
−−−→ Ω≥1X/A
)
→
(
mOX
d
−→ Ω≥1X/A
)
where the map is identity on Ω≥1X/A.
We denote the complex
(
1 +mOX
dlog
−−−→ Ω≥1X/A
)
(resp.
(
mOX
d
−→ Ω≥1X/A
)
) by
Ker•dlog (resp. Ker
•).
Definition 6.5. We define a map Θ : H1(X0,O
∗
X0
) → H2(X,Ω•X/A) as the com-
position of the following maps,
H1(X0,O
∗
X0)
∂
−→ H2(X,Ker•log)
log
−−→ H2(X,Ker•)→ H2(X,Ω•X/A)
where the last map is induced by the natural inclusion Ker• →֒ Ω•X/A and ∂ is the
connecting map induced by the short exact sequence of complexes in Lemma 6.4.
Similarly, we define a map θ : H1(X0,O
∗
X0
) → H2(X,OX) as the composition of
the following maps,
H1(X0,O
∗
X0)
∂
−→ H2(X, 1 +mOX)
log
−−→ H2(X,mOX)→ H
2(X,OX)
where the last map is induced by the natural inclusion mOX →֒ OX and ∂ is the
connecting map induced by the short exact sequence (6.4.1).
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Lemma 6.6. With the notations as above, we have a commutative diagram as
follows,
H1(X0,O
∗
X0
)
Θ // H2(X,Ω•X/A)

H1(X0,O
∗
X0
)
θ // H2(X,OX)
where the second vertical map is induced by the natural projection Ω•X/A → OX .
Proof. This lemma follows from the following commutative diagram:
H1(X0,O
∗
X0
)
∂ // H2(X,Ker•log)

log
// H2(X,Ker•) //

H2(X,Ω•X/A)

H1(X0,O
∗
X0
)
∂ // H2(X, 1 +mOX)
log
// H2(X,mOX) // H
2(X,OX)
where the natural vertical arrows are induced by the corresponding projections. 
Lemma 6.7. The composition H2(X, 1+mOX)
log
−−→ H2(X,mOX)→ H
2(X,OX)
is injective.
Proof. By Theorem 6.1, the map H∗(X,OX) → H
∗(X0,OX0) is surjective. It
follows that the map H2(X,mOX) → H
2(X,OX) is injective. Therefore, this
lemma follows from Lemma 6.3. 
Lemma 6.8. Let ∇ be the Gauss-Manin connection on H2(X,Ω•X/A), and let L0(∈
H1(X0,O
∗
X0
)) be a line bundle on X0. Then
(1) the composition ∇ ◦Θ is zero,
(2) and the reduction of Θ(L0) to the de Rham cohomology H
2(X0,Ω
•
X0/C
) of
X0 is the first Chern class c1(L0) of the line bundle L0.
In other words, Θ(L0) is the horizontal lifting of c1(L0) ∈ H
2(X0,Ω
•
X0/C
).
Proof. Let us recall the Gauss-Manin connection on H2(X,Ω•X/A). We have a short
exact sequence of locally free OX -module as follows
0→ f∗Ω1Spf(A)/C → Ω
1
X/C → Ω
1
X/A → 0.
It induces a decreasing filtration L• on the complex Ω•X/C which gives a short exact
sequence
(6.8.1) 0→ gr1L(Ω
•
X/C)→ Ω
•
X/C/L
2 → gr0L(Ω
•
X/C)→ 0
where gr1L(Ω
•
X/C) is f
∗
(
Ω1Spf(A)/C
)
⊗ Ω•X/A[−1] and gr
0
L(Ω
•
X/C) is Ω
•
X/A. The
Gauss-Manin connection
∇ : H2(X,Ω•X/A)→ H
2(X,Ω•X/A)⊗ Ω
1
Spf(A)/C
is given by the connecting map induced by the short exact sequence (6.8.1). There-
fore, the composition of ∇ and H2(X,Ω•X/C)→ H
2(X,Ω•X/A) is zero.
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(1) Consider the following two complexes A and B, and a morphism logAB
between them:
logAB : A =
(
1 +mOX
dlog
−−−→ Ω≥1X/C
)
→ B =
(
mOX
d
−→ Ω≥1X/C
)
where the map is identity on Ω≥1X/C. We have a commutative diagram of
short exact sequences (see Lemma 6.4) as follows:
0 //
(
1 +mOX
dlog
−−−→ Ω≥1X/C
)
//

(
O∗X
dlog
−−−→ Ω≥1X/C
)
//

O∗X0
// 0
0 //
(
1 +mOX
dlog
−−−→ Ω≥1X/A
)
//
(
O∗X
dlog
−−−→ Ω≥1X/A
)
// O∗X0
// 0.
It induces the following commutative diagram.
H1(X0,O
∗
X0
)
∂ // H2(X,A)

logAB
// H2(X,B) //

H2(X,Ω•X/C)

H1(X0,O
∗
X0
)
∂ // H2(X,Ker•log)
log
// H2(X,Ker•) // H2(X,Ω•X/A)
Note that the composition of ∇ and the map H2(X,Ω•X/C)→ H
2(X,Ω•X/A)
is zero by the construction of the Gauss-Manin connection. It follows the
first assertion.
(2) Take a covering U = {Ui} of X0. Let the Cˇech cocycle (fij) be the repre-
sentative of L0 in H
1(X0,O
∗
X0
), and let f˜ij be the lifting of fij ∈ OX0(Uij)
to OX(Uij). The composition log ◦∂ of the connecting map ∂ and log maps
(fij) to the Cˇech cocycle
(6.8.2)
((df˜ij
f˜ij
)
ij
,
(
log(f˜ij f˜jk
−1
f˜ki)
)
ijk
)
∈ Ω1X/A(Uij)⊕mOX(Uijk).
Recall that the first Chern class c1(L0) ∈ H
2(X0,Ω
≥1
X0/C
) ⊆ H2(X0,Ω
•
X0/C
)
of the line bundle L0 is given by the connecting map of the following exact
sequence,
0→ Ω≥1X0/C[−1]→
(
O∗X0
dlog
−−−→ Ω≥1X0/C
)
→ O∗X0 → 0.
Therefore, the reduction of the cocycle (6.8.2) module m
(dfij
fij
)
∈ Ω1X0/C(Uij)
gives a Cˇech representative of the reduction of Θ(L0) to H
2(X0,Ω
•
X0/C
)
which is the cocycle for c1(L0) in H
2(X0,Ω
•
X0/C
). It follows the second
assertion.

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Theorem 6.9. Let A be the ring C[[x1, . . . , xn]] with the maximal ideal m =
(x1, . . . , xn) as the ideal of definition. Let X be an m-adic formal scheme over
Spf(A). Suppose that the structure morphism f : X → Spf(A) is proper and for-
mally smooth. If L0 is a line bundle on the special fiber X0/C of f , then L0 is
a restriction of a line bundle on X if and only if the horizontal lifting of the first
Chern class c1(L0) is in the Hodge filtration F
1H2(X,Ω•X/A).
Proof. By Theorem 6.2 and Lemma 6.8 (1), the element Θ(L0) is the unique hori-
zontal lifting of c1(L0) ∈ H
2(X0,Ω
•
X0
). By Lemma 6.7, we have an exact sequence
as follows.
Pic(X)→ Pic(X0)
θ
−→ H2(X,OX)
By Lemma 6.6, we have a commutative diagram
F1H2(X,Ω•X/A) _

Pic(X0)
Θ // H2(X,Ω•X/A)

Pic(X) //
::tttttttttt
Pic(X0)
θ // H2(X,OX)
where the right vertical sequence is exact by Theorem 6.1. Therefore, we conclude
the theorem by a simple diagram chase. 
Remark 6.10. The theorem above recovers a corollary of [BEK14, Theorem 1.2]
if A is C[[t]] and X is an abelian scheme over A.
7. The smoothness of Hodge loci
In this section, we show that the pair (X,L) is unobstructed for any abelian
variety X along with a line bundle L on it.
Let X be an n-dimensional abelian variety over C, the field of complex numbers.
Recall that we have a short exact sequence:
0→ H0(X,Ω1X)→ H
1
dR(X/C)→ H
1(X,OX)→ 0.
In the following, let us denote V := H1dR(X/C) and F := H
0(X,Ω1X). Because V
has a real structure coming from the identification H1dR(X/C)
∼= H1sing(X,R)⊗RC,
we have a complex conjugation V
(·)
−→ V on V . Hodge theory implies that we have
F ⊕ F = V .
From X we get a point P of the Grassmannian G := Gr(n, V ) corresponding to
F ⊂ V . Inside G, the linear algebraic condition F ⊕ F = V coming from Hodge
theory defines a complex analytic open G˜ := {[W ⊂ V ] ∈ G |W ⊕W = V } known
as the period domain.
Let L be a line bundle on X , let us denote its first Chern class by c ∈ ∧2V .
Let us denote the incidence subvariety {[W ⊂ V ] ∈ G | πW (c) = 0} by G
c, where
πW : ∧
2 V → ∧2(V/W ) denotes the induced projection. Because c is algebraic, its
image in ∧2(V/F ) is zero. Hence the point P lies in Gc. Lastly, let us denote the
intersection G˜ ∩Gc =: G˜c.
Theorem 7.1. The complex analytic open G˜c ⊂ Gc is smooth.
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Warning 7.2. In general Gc is not smooth. The complex analytic open G˜c, how-
ever, is smooth.
Before proving this Theorem, we need some preliminary discussion concerning
the related linear algebra.
Definition 7.3. The element c ∈ ∧2V ⊂ V ⊗2 induces a linear map V ∗ → V . We
define the rank of c to be the dimension of the image of this linear map, which we
denote by r(c).
The condition of an element [W ⊂ V ] in the Grassmannian lies in Gc now has a
neat linear algebra characterization. Indeed, dualizing the short exact sequence
0→W → V → V/W → 0,
we get
0→W⊥ = (V/W )∗ → V ∗ →W ∗ → 0.
And we have the following:
Claim 7.4. An element [W ⊂ V ] in the Grassmannian lies in Gc if and only if the
composition map W⊥ → V ∗
c
−→ V → V/W is zero.
This is basic linear algebra and we omit the proof here. Let Q ∈ Gc be the point
corresponding to [W ⊂ V ]. By Claim 7.4 above, the linear map c : V ∗ → V can be
extended to the following diagram:
W⊥
c′ //❴❴❴❴

W

V ∗
c //

V

W ∗
c′′ //❴❴❴ V/W.
diagram (∗)
Remark 7.5. It is worth noting that the condition of c ∈ ∧2V implies that c′ and
c′′ are negative transpose to each other.
Finally, we want to understand the condition of an element [W ⊂ V ] in the
Grassmannian lies in G˜c. Suppose Q ∈ G˜ corresponds to [W ⊂ V ]. Now if we
fix a basis {w1, . . . , wn} of W , we get an induced basis {w1, . . . , wn, w1, . . . , wn} of
V and the induced dual basis {w∗1 , . . . , w
∗
n, w1
∗, . . . , wn
∗} of V ∗. Under this set of
basis, the linear map c can be represented by
c =
(
α β
γ δ
)
.
Recall that V has a real structure, therefore it makes sense to say that c ∈ ∧2V is
a real element. The following is a key lemma.
Lemma 7.6. If the point Q corresponding to [W ⊂ V ] lies in G˜c, then α = δ =
0. Moreover, the c′ (resp. c′′) in diagram (*) is represented by β (resp. γ). In
particular, we have r(c) = 2 rank(β).
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Proof. Since Q lies in G˜, the Hodge decomposition induces a natural decomposition
of ∧2V =
⊕
i+j=2;i,j≥0(∧
2V )i,j . The condition of Q ∈ G˜c implies that c has no
(0, 2)-component. Since c is a real class, it also has no (2, 0)-component. This
implies the first statement. The second statement is immediate.
Now we see that
c =
(
0 c′ = β
c′′ = γ 0
)
.
Lastly, by Remark 7.5, we see that the rank of β and γ are the same. Hence the
last statement follows. 
In view of Claim 7.4 and Lemma 7.6, we see that the rank r(c) must be even
and the rank of the associated linear map c′ is a constant (half of r(c)). Now we
are ready to give the following:
proof of Theorem 7.1. Since G˜c ⊂ Gc is a complex analytic open, it suffices to show
that for any Q ∈ G˜c, the dimension of the tangent space dimTGc,Q is independent
of Q. In the following, we are going to prove that dimTGc,Q solely depends on r(c).
Let Q ∈ G˜c correspond to W ⊂ V , and let us adopt the notation in diagram
(*). It is well-known that TG,Q = Hom(W,V/W ). After chasing through the
identification, with the aid of Claim 7.4, we see that
TGc,Q = {φ : W → V/W | φ ◦ c
′ = 0} = Hom(W/c′(W⊥), V/W ) ⊂ Hom(W,V/W ).
The dimension of this space is (n− rank(c′)) · n, which is equal to (n− r(c)2 ) · n by
Lemma 7.6. Therefore the dimension of the tanget space solely depends on r(c).
Hence we see that G˜c is smooth. 
With Theorem 7.1 in hand, we are ready to study the deformation functor of
the abelian variety X along with the line bundle L. For a preliminary discussion
about deformation functor of an abelian variety, we refer the reader to [Oor71,
Section 2.2] and the references listed therein. For instance, it is worth noting that
the deformation functor of an abelian variety as a variety is the same as that as a
group variety, see [Oor71, Proposition 2.2.6].
The deformation functor of the abelian variety X is pro-represented by ĜP , the
formal completion of G at P and the forgetful map Def(X,L) → Def(X) = ĜP
factors through ĜcP , the Hodge locus associated with L. Therefore we get a diagram:
Def(X,L) //
f
''◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
Def(X) = ĜP
ĜcP
?
OO
.
Proposition 7.7. The map f : Def(X,L) → ĜcP is surjective. In fact, it has a
section.
Proof. It suffices to show that f has a section. By the inclusion ĜcP →֒ ĜP =
Def(X), we get a formal abelian scheme X → ĜcP . The assertion about section
now simply means that we can find a line bundle L on X with the property that
LXP
∼= L. Since Gc is smooth at the point P , by Theorem 7.1, we see that ĜcP is
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of the form Spf(A) as in the Theorem 6.9. Therefore Theorem 6.9 guarantees that
we may find the required formal line bundle L on X . 
Let X and L be as in the proof of Proposition 7.7. Consider the dual formal
abelian scheme Pic0
X/Ĝc
P
, and let Y be the formal completion of Pic
X/ĜcP
along
its identity section, which is formally smooth (c.f. [GIT, Proposition 6.7]). The
fibre product (in the category of formal schemes) X ×
Ĝc
P
Y defines a formal abelian
scheme A over Y. We summarize the situation in the following diagram:
A
π //

X

Y // ĜcP .
Let P be the restriction of the Poincare´ line bundle on A. The pair (A,P ⊗
π∗(L)) defines a pro-object of Def(X,L) on Y, which gives rise to a morphism
Y → Def(X,L).
Theorem 7.8. The morphism g : Y → Def(X,L) constructed above is an isomor-
phism. In particular, since Y is formally smooth, the pair (X,L) is unobstructed
(see Definition 3.2).
Proof. These all follow easily from the definition of the dual abelian scheme and
Poincare´ line bundle. 
8. The main theorem
Let X be a proper algebraic manifold. Recall that
(1) X is Calabi–Yau if dim(X) is at least 3 and h0(X,∧pΩX) = 0 for 0 < p <
dim(X);
(2) X is irreducible holomorphic symplectic ifX is simply-connected and H2,0(X)
is spanned by the class of a holomorphic symplectic form σ.
For a irreducible holomorphic symplectic X of dimension 2m, we have the fol-
lowing facts, see [GHJ03] for details.
(1) On H2(X,R), there is a (Beauville–Bogomolov) quadratic form qX such
that
qX(α) =
m
2
∫
X
α2(σσ¯)m−1 + (1−m)
(∫
X
ασm−1σm
)(∫
X
ασmσm−1
)
.
(2) H0(X,∧∗ΩX) = C[σ].
(3) The Beauville–Bogomolov quadratic form qX is positive definite on R[w]⊕
(H0,2⊕H2,0)(X)|R, negative definite on the primitive (1, 1)-part H
1,1(X)w
and these two spaces are orthogonal with respect to qX where [w] is a
Ka¨hler class.
Lemma 8.1. Let Y be a proper algebraic manifold with a line bundle L. If Y is
simply connected and c1(L)(∈ H
2(Y,Q)) is zero, then L is a trivial line bundle.
Proof. Since we have exact sequence
H1(Y,OY ) // H
1(Y,O∗Y )
c1 // H2(X,Z)
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and Y is simply connected (in particular H1(Y,OY ) = 0), we have that L is a
torsion line bundle, i.e., there exists the smallest N ∈ N such that
L⊗N = OY .
Therefore, there is a finite N -covering of X
Spec(OY ⊕ L
−1 ⊕ . . .⊕ L−N+1)→ Y
induced by L. Since Y is simply connected, N has to be 1. 
Lemma 8.2. Let Y be a proper algebraic manifold. If H1(Y,OY ) = 0, then any
deformation (YA, LA) of the pair (Y,OY ) is (YA,OYA).
Proof. We prove this lemma by induction on the length l(A) of A, with the case of
l(A) = 1 being trivial. In general, we consider a small extension
0→ C→ A′ → A→ 0
and a flat deformation YA′ of Y over A
′. Denote by YA the pull-back (YA′)A of YA′
to A. We have an exact sequence
0→ OY → O
∗
YA′
→ O∗YA → 0
which gives rise to an exact sequence
(8.2.1) H1(Y,OY ) // H
1(YA′ ,O
∗
YA′
)
p
// H1(YA,O
∗
YA
) .
Suppose that (YA′ , LA′) is a deformation of (Y,OY ). By the induction, we know
(YA, (LA′)A) is isomorphic to the deformation (YA,OYA). It follows that
p(YA′ , LA′) = p(YA′ ,OYA′ ).
Since H1(Y,OY ) is zero, (YA′ , LA′) is isomorphic to (YA′ ,OYA′ ) by the exact se-
quence (8.2.1). 
Proposition 8.3. Let Y be an irreducible holomorphic symplectic manifold of di-
mension n = 2m. If L is a line bundle on Y , then (Y, L) is unobstructed (see
Definition 3.2).
Proof. If c1(L) = 0 ∈ H
2(Y,Z), then by Lemmas 8.2 and 8.1, the pair (YA, LA) is
isomorphic to (YA,OA) which is obviously unobstructed.
Note that H2(Y,OY ) = C. If c1(L) 6= 0 ∈ H
2(Y,Z), then it follows from
Lemma 3.4 that we only need to prove that the map
∪c1(L) : H
1(Y, TY )→ H
2(Y,OY ) = C
induced by cup product of c1(L) is nonzero (hence surjective). By the triviality of
the canonical bundle of Y , we have TY = ∧
n−1Ω1Y . Moreover, the map ∪c1(L) fits
into the sequence of maps
H0(∧n−2ΩY )
∪[w]
//
s
**
H1(∧n−1ΩY )
∪c1(L)
// H2(OY ) H
2(∧nΩY )
where [w] is a Ka¨hler class in H1,1(X). To prove that the map ∪c1(L) is nonzero,
it suffices to show that the map s is nonzero. Since H0(∧n−2ΩY ) = C is generated
by σm−1, the map s sends
σm−1 to σm−1(c1(L)) · [w] ∈ H
2(∧nΩY ).
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Take the property (3) of qX at the beginning of this section into consideration. If
c1(L) is not zero, then we can choose a Ka¨hler class [w] ∈ H
1,1(Y ) such that the
Beauville–Bogomolov form
qY ([w], c1(L)) =
m
2
∫
Y
(c1(L)) · [w](σσ)
m−1
is non-zero, see [GHJ03, Corollary 23.11]. It implies that s is a nonzero map. 
Proof of Theorem 1.2.
Proof. By the Beauville–Bogomolov decomposition theorem, see [Bea83] and [Bog74],
there exists a finite e´tale cover X˜ → X such that X˜ is a product of an abelian vari-
ety and factors each of which is either an irreducible holomorphic symplectic variety
or a Calabi–Yau variety. If X˜ is an abelian variety, then the theorem follows from
Proposition 4.4 and Theorem 7.8. Therefore, we can assume that X˜ does not only
contain a torus factor, i.e., we have the decomposition X˜ =
(
Πni=1Yi
)
×A where Yi
is either a irreducible holomorphic symplectic manifold or a Calabi–Yau manifold
of dimension at least 3 and A is an abelian variety.
For a Calabi–Yau variety Y of dimension at least 3, the deformations of a pair
(Y, L˜) are unobstructed since H2(Y,OY ) = 0. Moreover, a product of Calabi–Yau
manifolds and irreducible holomorphic symplectic manifolds has trivial canonical
bundle and has no nonzero global tangent field. Therefore, the decomposition
X˜ =
(
Πni=1Yi
)
× A satisfies the conditions of Proposition 5.2. Our theorem now
follows from Proposition 4.4, Proposition 5.2, Theorem 7.8 and Proposition 8.3. 
Appendix A. Deformations via cotangent complexes
In this appendix, we give an alternative proof of Proposition 4.2 and the third
assertion of Proposition 4.4 in a slightly general form by cotangent complexes. The
cotangent complex is a very powerful machinery to attack deformation problems,
one advantage is its functoriality.
Lemma A.1. Suppose that we have a small extension
0→ (t)→ A′ → A→ 0
and cartesian diagrams of algebraic schemes
X0
g0
//


Y0


f0
// Spec(C)

XA
g
// YA
f
// Spec(A)
where g is finite e´tale and f is flat and of finite type. Then, there is a natural map
g∗0 induced by g0
g∗0 : Ext
2(LY0 ,OY0)→ Ext
2(LX0 ,OX0)
mapping Obs(YA) to Obs(XA), where LY0 (resp. LX0) is the cotangent complex of
Y0 (resp. X0) over C.
Proof. Since f and g are flat, we have that
(LXA/A)|X0 = LX0 which implies Ext
1(LXA/A,OX0) = Ext
1(LX0 ,OX0).
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Let us recall how to construct obstructions Obs(XA) and Obs(YA), see [Ill71] for
the details. Note that we have a distinguished triangle ∆YA in D
−
coh(YA) as follows.
(A.1.1) f∗LA/A′ // LYA/A′
zz✉✉
✉✉
✉✉
✉✉
✉
LYA/A
+1
ee❏❏❏❏❏❏❏❏❏
Similarly, we also have a distinguished triangle ∆XA in D
−
coh(XA). We apply the
functors Exti(−, f∗(t)) = Exti(−,OY0) to the triangle ∆Y . We get a long exact
sequence
. . . // Ext1(f∗LA/A′ ,OY0) // Ext
2(LYA/A,OY0)
// . . .
Hom(OY0 ,OY0)
h // Ext2(LY0 ,OY0)
where the first vertical identification follows from
(A.1.2) τ≥−1f
∗LA/A′ = f
∗(t)[1] = OY0 [1].
The obstruction is given by
IdOY0 7→ Obs(YA) = h(IdOY0 ).
Since g is e´tale, we have LXA/YA = 0. It implies that g
∗∆YA = ∆XA . Therefore,
we have a natural commutative diagram of distinguished triangles
RHomYA(∆YA , f
∗(t)) // RHomYA(∆YA , g∗g
∗f∗(t))
RHomYA(∆YA ,OY0)
//
δ
**❱❱❱
❱❱❱❱
❱❱❱❱
❱❱❱❱
❱❱❱
Rg∗RHomXA(g
∗∆YA , g
∗f∗(t))
Rg∗RHomXA(∆XA ,OX0)
where the second vertical identification follows from [Har66, Proposition 5.10] and
the row map is induced by the adjoint map f∗(t)→ g∗g
∗f∗(t). Note that
Hi(YA,RHom(F ,G)) = Ext
i(F ,G) and Hi(YA,Rg∗F) = H
i(XA,F).
Applying the hypercohomology functor H∗(Y,−) to the morphism δ, we get the
following commutative diagram.
Hom(OY0 ,OY0)

h // Ext2(LY0 ,OY0)
g∗

1
✤ h //
❴

Obs(YA)❴
g∗

Hom(OX0 ,OX0)
h // Ext2(LX0 ,OX0) 1
✤ h // Obs(XA)

22 SHIZHANG LI AND XUANYU PAN
For a pair (YA, LA), we can show Proposition 4.4 (3) similarly once we notice
that the obstructions are constructed in a similar way. Let us indicate it briefly.
Suppose that
0→ C→ A′ → A→ 0
is a small extension. For a pair (Y, V ) where V is a vector bundle on Y and a
deformation pair (YA, VA), the obstruction element
Obs(YA, VA) ∈ Ext
2(At(V ), V )
is constructed in the following way
VA ⊗ LYA/A′

// At′(VA)

// VA
VA ⊗ LYA/A

// At(VA)
ww♦
♦
♦
♦
♦
♦
// VA
VA ⊗ f
∗LA/A′ [1]
where the first vertical arrows are given by tensoring (A.1.1) with VA, and At
′(VA)
and At(VA) are Atiyah extensions, see [Ill71]. By (A.1.2), we have an induced
morphism
At(VA)→ VA ⊗ f
∗LA/A′ [1]
which is an element in
Ext1(At(VA), VA ⊗ f
∗LA/A′) = Ext
2(At(VA), VA ⊗OY ) = Ext
2(At(V ), V ).
This map gives rise to the obstruction element Obs(YA, VA) ∈ Ext
2(At(V ), V ).
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